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Let M be a compact connected orientable differentiable n-manifold (with

empty boundary) and let H*iM) denote its singular cohomology group (integer

coefficients). Thom [3] defined an element X e H"(M) called the Euler class of

M which has the property of being equal to the Euler characteristic of M times

the fundamental class of M. Fadell [1] extended the definition of Euler class

to compact connected orientable topological (i.e., not necessarily triangulated)

manifolds. Let M be such an n-manifold, let /: M -> M be a map, and let G be

a commutative ring with unit. By modifying Milnor's development of the Euler

class [2], we will define an endomorphism of H"(M; G) (singular cohomology

with G coefficients) which maps the fundamental class of M to an element

LfiG)eH"iM; G) which, when G^Z (the integers), is equal to (—1)" times

the Lefschetz number off times the fundamental class of M. In particular, when

/ is the identity map, Lf(Z) is Fadell's generalized Euler class. We shall obtain

Thorn's result in this more general setting. A simple proof of the Lefschetz Fixed-

Point Theorem for this category of spaces also arises naturally from our develop-

ment.

1. Preliminaries. Let (E,p,B) and (E0,p0,B) be Hurewicz fibre spaces

over the same base space B. Fadell [1] defined (E0,p0,B) to be a fibre subspace

of (E, p, B) provided E0 c E, p0 = p J E0, and (E, p, B) admits a lifting function

X with the additional property that if e0 e E0 and weB1 such that p(e0) = w(0),

then X(e0, w) e (E0Y. When (£0, p0, B) is a fibre subspace of (£, p, B) Fadell calls

5 =(E,E0,p,B) a fibred pair. When g =(E,E0,p,B) is a fibred pair, the fibre

over some beB is the pair (F,F0) where F = p_1(b) and F0 = FnE0.

A generalized n-plane bundle (n-gpb), n^2, is a map p:E-*B together

with a map s:B-+E such that ps = id: B -y B and, if E0 = E — s(B), then

(1) (E,E0,p,B) is a fibred pair with fibre (F, F0),

(2) there is a homotopy H:FxI^F such that fí(Fx[0,l))cfo and

H(Fxl) = Fns(B),
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(3) £0 is arcwise connected and, when « 3; 3, 7r,(£0)=0,

(4) Ht(F,F0) s //*(£",£" -0), where £" denotes Euclidean «-dimensional

space and 0 is the origin of £".

This definition is slightly more general than that used by Fadell [1].

Theorem 1.1 (Fadell). Let g =(E,E0,p,B;F,F0)beafibredpairsuch that

(1) B is arcwise connected,

(2) nx(B,b) acts trivially on H*(F,F0) = H*(p~i(b),pô1(b)),
(3) H*(F,F0)^H*(En,E"-0);

ZZie« there exist natural "Thorn" isomorphisms

<p:H"(B;Hn(F, F0))^H"+1,(E,E0),

where ordinary coefficients appear on the left. The inclusion map i:(F, F0) ->(£,£0)

induces an isomorphism i* : J7"(£, £0)-> Hn(F,F0). If, in addition, 5 is an

n-gpb, then

H\B;H\F,F0)) = Hq(B)-^ Hn+q(E,E0)

Hq(E)

is commutative,   where i*(U) is a generator of H"(£,fo) = Z (the integers).

Let M be a compact connected topological «-manifold. Define p:M x M-+M

by p(x, y) = x and let A = {(x, y) e M x M | x = y]. Fadell proved in [1] that

g = (M x M, M x M — A, p, M) is a locally trivial fibred pair with fibre

(p~1(x),pôl(x)) = (M,M — x) where p0 = p\M x M - A. The lifting function

of g induces an action of 7r,(M;x) on H*(M,M — x). Fadell defined M to be

orientable if this action is trivial and showed that in that case the inclusion-

induced homomorphism k* : H"(M', M — x) -* Hn(M) is an isomorphism. Let G

be a commutative ring with unit. If M is orientable, it is G-orientable, so

k*:H\M, M-x;G)^ H"(M; G)

is an isomorphism. Choosing a generator fieH"(M,M — x;G), we obtain a

generator peH"(M;G) by letting p = k*(fi).

The fibred pair g = (M x M, M x M — A, p, M) satisfies the hypotheses of

the first part of Theorem 1.1 when M is an orientable n-manifold. Therefore,

the inclusion i: (M,M—x)-*(M x M,M x M — A) induces an isomorphism

i*: H"(M xM,M x M-A;G) -► H\M,M - x;G).

Given a map /: M-+M where M is a compact orientable n-manifold, let

/ : (M x M) -* (M x M, M x M — A) be inclusion, let f: M x M-* M x M be
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given by f(y,z) = (y,f(z)) and let d: M-+M x M be the diagonal map

d(y) = iy,y). Diagram (1) defines a homomorphism XG and we define the Lefschetz

class off: M-+M (for cohomology with coefficient ring G), Ly(G) e//"(Ai ; G), by

XGiu) = Lj(G). We write Lf(Z) = Lf.

H"(M;G)-^->   H\M;G)
A A

*d

(1) H"(M,M -x;G) Hn(M x M;G)
A A

¡*     X /*

H"(M xM,M x M - A;G)-> H"(M x M;G)

If /: M-+M is fixed-point free then fd(M) c M x M — A. Let e: M x M

-A-»MxMbe inclusion, then in this case /a" = efd and AG = d*f*e*j*i* -1/c*~ .

From the exact cohomology sequence of the pair (M x M, M x M — A), we

know that

e*/*=0: H"(M x M,M x M - A; G)- H"(M x M - A; G),

which proves:

Theorem 1.2. Let M be a compact orientable manifold and let G be a

commutative ring with unit. Iff:M~*M is fixed-point free, then Lf(G)=0.

2. The main theorem. Let Q denote the rationals. We will examine the re-

lationship between the Lefschetz class Lf(Q) of a map / and the Lefschetz number

Ay. The reader may easily verify

Lemma 2.1.    If au,bu and c¡¡ are elements of a field,    i,j = l,---,m, then

mm mm

Z a¡j Z blkcjk =    Z ctJ Z bkjaki.
¡J = l k = l i.j = l k = l

The proof of the following theorem is based on a modification of the proof

of Theorem 16 of [2].

Theorem 2.2. If M is a compact orientable n-manifold, f: M -* M is a map,

and peH"(M;Q)   is   the   generator   such   that   XQ(p) = Lf(Q),   then   Lf(Q)

-(-îyV/z.

Proof. Let j*i*~lk*~\p) = UeH\MxM; Q) and extend p to a basis

oty,---,aN for H*iM,Q). If 0CjeHqiM;Q) we say that the dimension of ay is q,

written dim(ocy) = a. By the Kiinneth formula we may write U = Z7,; = î^ia, ® af)

where cu=0 if dim (a,) + dim (a,-) # n. Define y-^eQ by aiuay = y(y-p if

dim (otj) + dim (a,-) = n and y¡,-=0 otherwise. Let/¡y be the i/th   entry  in  the
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matrix representing/*: H*(M;Q)^H*(M;Q) with respect to this basis. Note

that fj = 0 if dim(a¡) ¥= dim (o,). Let C = [cy], Y= |>y] and £ = [fu] be the

N x N matrices thus defined. Now

LjiQ) = d*f*U =d*f*  Z   c,/«,®^)
i,j = l

N N

=     Z Cy Z /Jt(a¡ u a4)
i,y = i      t = i

,      N N .

Z    Cy   Z    >W}4      ■ /I .
\i,j = l        k = l /

Let yT = [_Vy] be the transpose of Y, then applying 2.1,

L,(Q)   = (  Z fj Z j£c \ • p
\i.j = 1 u = I /

= (   Z fj (yTc)A • fi = Í Z ai;j ■ /i,

where YTC = [_(yTc)¡j] and [ay] = A = FYTC. Renumber the basis elements of

H*(M;Q) of dimension q as aqi,---,aqr, then by duality the basis elements of

dimension « — q are aín^q)¡,---,tx(ll^q)r. By the skew-symmetry of cup product,

yJk=(-iYyjk, where e = (dima,)(dima*), thus

r r N N

Z aiutt =  Z    Z /„,;   Z yj^,,,.
;=1 i=l   7=1 fc=l

r r

=        ^  Jll,<lj    *-   yqj,(n-q)kC(n-q)k,q¡
,j = 1 fc = 1

r r

=   (-1) ^     /fl¡,?j    ^   yqj,ln-q)kC(n-q)k,qr
i.j = 1 Ü = 1

Let Y, = b?„(„-i),], C, = [c(„_9)i,J, i,j = l,-,r. By [2, p. 50], C^Y,
= ( - l)n(n~q)E, where £ is the r x r identity matrix. Hence YqCq = ( - l)n(n_,)£ and

£ ««.* = (-D?("_?) Z (-i)"("-9)/,„4J = (-i)"Z (-1)%,.,,.
= 1 j=i i = 1

•e

L/0 = (Zia1,)-/.=((-l)"Zi(-l)dim(a%)-/i = (-lrA/'Ai.

3. The Lefschetz number.

Theorem 3.1.   Let f: M->M be a map of a compact connected  orientable

n-manifold into itself; then the Lefschetz number off is an integer.

i

Therefore
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Proof. Let i: Z-*Q be inclusion, then i induces a monomorphism

i : H"(M) -+H"(M; Q). Let p be a generator of//" (M), then the image of p under i,

which we also call p, is a generator of H"(M; Q). The restriction of XQ to

i(H"(M)) cz H"(M; Q) is just Xz so

LfiQ) =XQip) = KXzip))eH"iM),

which implies that Af-p = (-l)"Ly(ß) is in z"(//"(A/)) and AyeZ.

Putting together 2.2, 1.2, and 3.1 we obtain:

Theorem 3.2 (Lefschetz Fixed-Point Theorem). If M is a compact

connected orientable n-manifold and f:M ->M is a map, then the Lefschetz

number off, Af, is an integer such that if Af ^ 0, then f has a fixed point.

4. The Euler class. Let g = iE,E0,p,B;F,F0) be an n-gpb where B is arc-

wise connected and nxiB;x) acts trivially on //*(F,F0), then by Theorem 1.1

there exist isomorphisms cb:Hi(B)-+Hn+i(E,E0) with cp(z) = p*(z) uli. In [1],

the Euler class of %, X(%) e Hn(B), is defined by X(\J) =ep~l(U ult). When

M is a manifold, let

T0 = {aeM'\ <x(i) = a(0) if and only if i = 0},

let T be the union of T0 and the constant paths on M, and give T the compact-

open topology. Define q:T^M by g(a) = a(0), then by[l], g- =(T,T0,g, M;

F,F0) is an n-gpb and the Euler class of M, X(M)eH"(M), is defined by

X(M) = X(%). The following result is based on results and techniques in [1]

and [2]. We content ourselves with a sketch of the proof.

Theorem 4.1. Let M be a compact connected orientable n-manifold, then

for an appropriately chosen orientation of M,X(M) = Lf where f = id: M -*M.

Proof.   Consider the commutative diagram

(T, T0)-—► (M x M,M x M - A),

4\ i/p
M

where for a e T, y(o) = (a(0), a(l)). Then y induces isomorphisms

y*. H*(M x M,M x M - A) -^ H*(T, T0),

and when we restrict y to the fibre we also have isomorphisms

y* : H*(M, M-x)-* H*(F, F0).

Choose an orientation p e H"(M, M - x) and let 17 = y*(p), then i*(VL) = U

where i*: Hn(T,T0)^ Hn(F,F0) is the isomorphism induced by inclusion. Let
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s: M -* T be the canonical cross-section, i.e., s(y) is the constant path at y for

all y e M. Then, if jx : £->• (T, T0) is the inclusion, X(M) = s*j*x (U). Diagram (2)

completes the proof.

H"(F,F0) *- -7T(M,M-x)

(2)
Hn(T,T0) <-

i*Ji

H"(T) *-

H"{M x M,M x M - A)

-H\M x M)

H (M)

Theorem 4.2.    If M is a compact connected orientable n-manifold,  then

X(M) =x(M)-/z wZiere %(M) is the Euier characteristic of M.

Proof.   By 2.2 and  3.1, Lf = (— T)nAf-p. so since Aid =x(M), the result fol-

lows for n even. When n is odd, %(M) = 0.
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